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Mathematical Building Blocks
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EQUATION OF A LINE

VECTORS AND VECTORSPACE

A vector is a quantity or phenomenon that has two independent 
properties: magnitude and direction. 

VECTORS AND VECTORSPACE

Basis of 𝑅ଶ
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LINE AND NORMAL
𝑇ℎ𝑒 𝑙𝑖𝑛𝑒 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0

𝑎𝑛𝑑 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 (𝑎, 𝑏)

𝑣 = 𝑎, 𝑏  𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑜 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0

𝑣

FUNCTIONS
A function relates every element in a set to 
exactly one element in another set 

𝑓 ∶ 𝐴 → 𝐵

function domain co-domain

A B

range

A function which has either or one of its subsets 
as its range is called a real valued function. 
Further, if its domain is also either R or a subset 
of R, it is called a real function 

LIMIT OF A FUNCTION
The limit of a function at a point a in its domain (if it exists) is 
the value that the function approaches as its argument 
approaches a

lim
௫→௖ష

 𝑓 𝑥  = lim
௛→଴

𝑓(𝑥 − ℎ)  lim
௫→௖శ

 𝑓 𝑥  = lim
௛→଴

𝑓(𝑥 + ℎ)  

Left Hand Limit Right Hand Limit 

The limit of a function exists if and only 

if the left-hand limit is equal to the 

right-hand limit.

lim
௫→௖ష

 𝑓 𝑥  = lim
௫→௖శ

𝑓 𝑥 = 𝐿  

LIMIT OF A FUNCTION

𝑓 𝑥 = 𝑥 − 2 ଶ + 1

𝒇(𝒙ା)𝒙ା𝒇(𝒙ି)𝒙ି

2321

1.252.51.251.5

1.012.11.011.9

1.00012.011.00011.99

1.0000012.0011.0000011.999

1.000000012.00011.000000011.9999

𝒇(𝒙ା)𝒙ା𝒇(𝒙ି)𝒙ି

6311

5.52.52.251.5

5.12.13.611.9

5.012.013.96011.99

5.0012.0013.9960011.999

5.00012.00013.999600011.9999

𝑓 𝑥 = ቊ
𝑥ଶ          𝑖𝑓 𝑥 < 2

𝑥 + 3    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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LIMIT OF A FUNCTION CONTINUITY

DERIVATIVE OF A FUNCTION DERIVATIVE OF A FUNCTION

87654321x

171513119753f(x)

𝑓 𝑥 = 2𝑥 + 1                
𝑑

𝑑𝑥
 𝑓 𝑥 = 2

𝑑

𝑑𝑥
 𝑓 𝑥 =

5 − 3

2 − 1
=

2

1
= 2

𝑑

𝑑𝑥
 𝑓 𝑥 =

7 − 5

3 − 2
=

2

1
= 2

𝑑

𝑑𝑥
 𝑓 𝑥 =

9 − 3

4 − 1
=

6

3
= 2

𝑑

𝑑𝑥
 𝑓 𝑥 =

17 − 9

8 − 4
=

8

4
= 2
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DERIVATIVE OF A FUNCTION

76543210  𝑥

493625169410 𝑓(𝑥)

𝑓 𝑥 = 𝑥ଶ                 
𝑑

𝑑𝑥
 𝑓 𝑥 = 2𝑥

1        3        5       7       9

(ଵାଷ)

ଶ
= 2 (ଷାହ)

ଶ
= 4

(ହା଻)

ଶ
= 6 (଻ାଽ)

ଶ
= 8

𝑑

𝑑𝑥
 𝑓 𝑥       𝑎𝑡         1            2           3            4

𝑠𝑜 𝑡ℎ𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 𝒇 𝒙 = 𝒙𝟐              
𝒅

𝒅𝒙
 𝒇 𝒙 = 𝟐𝒙

𝒅𝒇

𝒅𝒙
=

𝒇 𝒙𝟎 − 𝒇 𝒙

𝐱𝟎 − 𝐱
f(x)𝒙

𝒅𝒇

𝒅𝒙
=

𝒇 𝒙𝟎 − 𝒇 𝒙

𝐱𝟎 − 𝐱
f(x)𝒙

𝒅𝒇

𝒅𝒙
=

𝒇 𝒙𝟎 − 𝒇 𝒙

𝐱𝟎 − 𝐱
f(x)𝒙

542311100

5.14.412.13.11.211.11.10.010.1

5.56.252.53.52.251.51.50.250.5

5.98.412.93.93.611.91.90.810.9

5.998.94012.993.993.96011.991.990.98010.99

5.9998.99400
1

2.9993.9993.99600
1

1.9991.9990.9980010.999

693442211

6.0019.00600
1

3.0014.0014.00400
1

2.0012.0011.0020011.001

6.019.06013.014.014.04012.012.011.02011.01

6.19.613.14.14.412.12.11.211.1

6.512.253.54.56.252.52.52.251.5

6.915.213.94.98.412.92.93.611.9

7164593342

𝑓 𝑥 = 𝑥ଶ                 
𝑑

𝑑𝑥
 𝑓 𝑥 = 2𝑥

𝑥଴
ି

𝑥଴
ା

𝑥଴

𝑓 𝑥 = 1 − 𝑥                
𝑑

𝑑𝑥
 𝑓 𝑥 = ቊ

−1      𝑖𝑓 𝑥 > 0
1        𝑖𝑓 𝑥 < 0

𝑓 𝑥 = 𝑥ଷ                
𝑑

𝑑𝑥
 𝑓 𝑥 = 2𝑥ଶ

𝐟 𝐱 + 𝒉 − 𝐟(𝐱)

𝒉

𝐟 𝐱 − 𝐡 − 𝐟(𝐱)

−𝐡
𝐡

-111
-110.1
-110.01
-110.001
-110.0001
-110.00001
-110.000001

𝐟 𝐱 + 𝒉 − 𝐟(𝐱)

𝒉

𝐟 𝐱 − 𝐡 − 𝐟(𝐱)

−𝐡
𝐡

111
0.10.10.1
0.010.010.01
0.0010.0010.001
0.00010.00010.0001
0.000010.000010.00001
0.0000010.0000010.000001

WHY DERIVATIVE EXSIST AND NOT EXSIST ? FUNCTION OF SEVERAL REAL VARIABLES

A real-valued function of n real variables is a function that takes 

as input n real numbers, commonly represented by 

the variables  𝑥1, 𝑥2, … , 𝑥௡ 
 for producing another real number, 

the value of the function, commonly denoted 𝑓(𝑥1, 𝑥2, … , 𝑥௡).

𝑦 = 𝑓(𝑥ଵ, 𝑥ଶ)

𝑦 = 𝑓 𝑥ଵ, 𝑥ଶ, 𝑥ଷ

.

.

.
𝑦 = 𝑓(𝑥ଵ, 𝑥ଶ, 𝑥ଷ, … … , 𝑥௡)
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PARTIAL DERIVATIVES

𝑧 = 𝑥𝑦ଶ − 𝑦 sin (𝑥)

𝜕𝑧

𝜕𝑥
= 𝑦ଶ  − 𝑦 cos 𝑥

𝜕𝑦

𝜕𝑥
= 2𝑥𝑦 − sin (𝑥)

డ௭

డ௦
=

డ௭

డ௫

డ௫

డ௦
+ డ௭

డ௬

డ௬

డ௦

డ௭

డ௧
=

డ௭

డ௫

డ௫

డ௧
+ డ௭

డ௬

డ௬

డ௧

PARTIAL DERIVATIVES ! WHY ?

Isolating Independent Effects: When a function depends 
on multiple variables, partial derivatives allow us to 
isolate the effect of changing one variable while holding 
the others constant. This is crucial for understanding 
how different factors interact and contribute to the 
overall behavior of the function

Local Sensitivity Analysis: Partial derivatives measure 
the instantaneous rate of change of a function with 
respect to each variable at a specific point. This provides 
insights into how sensitive the function is to small 
changes in each variable locally.

𝑧 = 𝑓 𝑥, 𝑦 = 2𝑥 + 3𝑦 

𝜕𝑧

𝜕𝑥
= 2    

𝜕𝑧

𝜕𝑦
= 3

y
𝐟

43210

1296300

x

14118521

161310742

181512963

2017141184

𝑓 1,0 = 2  →  𝑓 3,4 = 18

Δ𝑓 = 18 − 2 = 16

Δ𝑥 = 2   Δ𝑦 = 4

Δ𝑓 = Δ𝑥 . 2 + Δ𝑦 . 3 = 16

Δ𝑓 = Δ𝑥 
𝜕𝑧

𝜕𝑥
+ Δ𝑦

𝜕𝑧

𝜕𝑦
= 16

DERIVATIVES AND OPTIMIZATION
Here 𝜽𝒑 < 𝜽𝑸 ⇔ 𝒕𝒂𝒏(𝜽𝑷) < 𝐭𝐚𝐧(𝜽𝑸) ; we know,

𝒅𝒚

𝒅𝒙
 𝒂𝒕 𝑷 = 𝒕𝒂𝒏(𝜽𝑷) ; 𝒅𝒚

𝒅𝒙
 𝒂𝒕 𝑸 = 𝒕𝒂𝒏(𝜽𝑸)

What is the angle of tangent at M ?   

𝜽𝒎 = 𝟎 ⇒ 𝐭𝐚𝐧(𝜽𝒎) = 𝟎 ⇒
𝒅𝒚

𝒅𝒙
= 𝟎 𝒂𝒕 𝑴

𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑎𝑡 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑥௖ 𝑖𝑠 0 ⇒ 𝑥௖ 𝑖𝑠 𝑎𝑛 𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 𝑝𝑜𝑖𝑛𝑡 
𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑜𝑟 𝑚𝑖𝑛𝑖𝑚𝑢𝑚, 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑢𝑠𝑒𝑑 𝑓𝑜𝑟 

𝒐𝒑𝒕𝒊𝒎𝒊𝒛𝒂𝒕𝒊𝒐𝒏 𝜃௉
𝜃ொ

𝑄

𝑃
𝑀

𝑂

DERIVATIVES AND OPTIMIZATION
𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝑓(𝑥଴, 𝑥ଵ, 𝑥ଶ, … . . 𝑥௡):

Calculate ∇𝑓 

Find 𝑥଴, 𝑥ଵ, … . . 𝑥௡ where ∇𝑓(𝑥଴, 𝑥ଵ, 𝑥ଶ, … . . 𝑥௡) = 0

Find the extrema of  𝑓 𝑥, 𝑦 = 𝑥ଶ + 2𝑦ଶ  − 4(𝑥 + 𝑦)

1. Gradient:
∇𝑓 =  2𝑥 −  4, 4𝑦 −  4

2. Critical point: (2, 1)
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ERROR FUNCTION AND SURFACE

𝑦ො = 𝑚𝑥 + 𝑏

𝐽 =  ෍ 𝑦 − 𝑦ො ଶ = ෍ 𝑦 − 𝑚𝑥 − 𝑏 ଶ = 𝐽(𝑚, 𝑏) 

Linear Regression

𝑦ො =
1

1 + 𝑒(ି௪భ௫భିఏ

𝐽 =  ෍ 𝑦 − 𝑦ො ଶ = ෍ 𝑦 −
1

1 + 𝑒(ି௪భ௫భିఏ)

ଶ

= 𝐽(𝑤ଵ, 𝜃) 

Perceptron
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